A constituent parton picture of hadrons with logarithmic confinement naturally arises in weak coupling light-front QCD. Confinement provides a mass gap that allows the constituent picture to emerge as the cutoff approaches this gap. The renormalized Hamiltonian is computed to O(g 2 ), and used to study charmonium and bottomonium. Radial and angular excitations can be used to fix the coupling α, the quark mass M , and the cutoff Λ. The resultant fine structure is very close to experiment.
Introduction.
The solution of Quantum Chromodynamics in the nonperturbative domain remains one of the most important and interesting unsolved problems in physics. The basic assumption upon which our work is based is that it is possible to derive a constituent picture for hadrons from QCD [1, 2, 3] . If this is possible, nonperturbative bound state problems in QCD can be approximated as coupled, few-body Schrödinger equations.
To study bound states we introduce a cutoff Λ and renormalize the Hamiltonian to O(g 2 Λ ), using a similarity transformation [4] on the cutoff and coupling coherence [5] . We use bound state perturbation theory to approximate low-lying eigenstates. This requires the renormalized Hamiltonian H eff to be divided into a nonperturbative and perturbative part, H eff = H 0 + V . It has been shown that H eff contains a logarithmic confining interaction at this order [2] , in addition to the perturbative short-range Coulomb interaction.
This logarithmic potential is not rotationally symmetric, so we use an angle averaged potential in H 0 [3] . Corrections are not power law suppressed, but we show that they are small in ground states and of order 30% in low-lying excited states.
We recently presented initial studies of bound states in light-front QCD using this approach [3] . We found the effective QCD Hamiltonian to the lowest nontrivial order in g (i.e. O(g 2 )), and set up a nonrelativistic bound state calculation with the simplest approximation to the meson wave function (i.e. |ψ Λ ≃ |qq Λ at hadronic scale Λ) [3] .
The main purpose of this study was to set up a scaling analysis that would provide a first look at a bound-state computation and give us a tool to estimate how expectation values of various operators scale with the coupling. We found a set of reasonable parameters which give the correct splitting between the two lowest lying doublets in B meson spectra.
The approximations we used in our initial studies (e.g., finding the effective Hamiltonian to the lowest nontrivial order, nonrelativistic limit, and theapproximation for the meson wavefunction) are best justified for heavy quarkonia. We did not first study heavy quarkonia because much of their spectra is determined by an intermediate range of the potential in which a simple scaling analysis is not reliable. This means that bound-state eigenvalues and the expectation values of operators must be calculated numerically.
In this letter we present numerical results obtained by applying the approach to charmonium and bottomonium. We fit 1S, 1P and 2S levels for both systems. We then predict hyperfine splitting in the charmonium ground state. The prediction is in good agreement with experiment. This result is not trivial since in our approach the spin-dependent operators are not simply related to a central potential as they are in the case of Breit-Fermi interactions. We then consider corrections due to rotationally noninvariant moments of the confining potential. These corrections are surprisingly small for the ground state, and they are about 30 % for excited states, as small as can be expected for the coupling we require.
The effective Hamiltonian, which is generated by the similarity transformation and coupling coherence to order g 2 , is band-diagonal in light-front energy with respect to a hadronic scale
P + , and it can be written as [3] :
where H free is the light-front kinetic energy (we remind the reader that the light-front kinetic energy of a particle with transverse momentum p ⊥ and longitudinal momentum
is O(g) emission and absorption with nonzero matrix elements only between states with energy difference smaller than the hadronic scale
Let p i , k i be the light-front three-momenta carried by a quark and an antiquark; σ i , λ i are their light-front helicities; u(p, σ), v(k, λ) are their spinors; index i = 1, 2 refers to the initial and final states, respectively. Let q = p 1 − p 2 be the exchanged momentum and (1) is an O(g 2 ) instantaneous interaction with the following matrix element for free states containing a quark and an antiquark:
V 2 eff includes the O(g 2 ) effective interactions generated by similarity. The effective interactions generated to this order contain one-body and two-body operators. In particular, the effective one-body quark operator is:
where x a = p + a P + is the longitudinal fraction of the momentum carried by the constituent under consideration, M is its mass, P + is the total longitudinal momentum of the state, P + is the longitudinal scale required in the cutoff by dimensional arguments, and ǫ is an infrared cutoff which is to be taken to zero. The divergence in the effective one-body operator exactly cancels against a divergence in the effective two-body operator if the state is a color singlet [2] .
The effective two-body operators have the following matrix elements between states containing a quark and an antiquark:
where
Two-body effective interactions include a short-range Coulomb potential and a rotationally noninvariant long-range logarithmic potential, which in the nonrelativistic limit has an expansion in even Legendre polynomials.
We split the effective Hamiltonian into H 0 which is solved nonperturbatively and V = H eff − H 0 . For H 0 we choose the nonrelativistic reduction of the kinetic energy, the effective one-body operators, Coulomb potential and rotationally symmetric part of the confining potential with constituent masses. In the nonrelativistic limit, the light-front
, M is the mass of the heavy quark, and L carries the dimension of mass [3] . Further, light-front momenta are naturally replaced by center-of-mass equal-time momenta in the nonrelativistic limit [3] .
The Hamiltonian H 0 is:
where m is the reduced mass, r is an equal-time separation between the quark and the antiquark, and
where R ≡ Lr and γ is Euler constant.Σ contains the finite shift produced by the self-energies after subtracting terms needed to make the confining potential vanish at the
The remaining part of the effective Hamiltonian, V , contains, among other terms, emission and absorption of low energy gluons. Interactions which change particle number enter at second order bound-state perturbation theory, and require solving the nonperturbative three-body bound-state problem. If the low-energy gluons are massive, the states with additional gluons are suppressed by the gluon mass. If they are massless, many-gluon states are suppressed by confinement. Once the particle number changing interactions are put in V , different Fock states decouple to leading order and one is left with a few-body problem for each Fock component.
V also contains a rotationally noninvariant part of the effective confining potential, i.e:
with
and in particular,
Our choice of H 0 does not lead to any first-order corrections to S states due to this part of the potential, and for any l = 0 it minimizes the number of terms which give nonzero corrections, thus making the calculations easier.
The spin-dependent part of the two-body effective operators is included in V , and it is treated in first-order bound-state perturbation theory. We will consider only the spin-spin hyperfine splitting in the ground state, because it can be calculated using the lowest order effective Hamiltonian [6, 7] . After a change of the spinor basis [7] , the spin-spin part of the two-body effective interactions is:
or, in position space:
The function f ( R) is rotationally noninvariant with respect to the angle θ. Its angular average is:
There is one more term which produces spin-spin splittings, but it enters at second order bound-state perturbation theory. Later we will argue that it is not important for quarkonia.
We now want to solve nonperturbatively the eigenvalue problem for H 0 :
where M 2 is the invariant mass of the bound state. We assume that the scale Λ is small enough so that the state is dominated by itscomponent, i.e.:
We use a Lorentz-invariant normalization for the states:
and the wave function ψ(κ ⊥ , x) is normalized to one:
Let the mass of the bound state be
which defines E.
The eigenvalue problem for the Hamiltonian H 0 leads to a dimensionless Schrödinger equation [3] :
where Similarly, for bottomonium we require c = 1.0, M 1S = 9.4 GeV, and M 1P = 9.9 GeV leading to a bottom quark mass M b = 4.8 GeV, α = 0.4, and Λ = 3.5 GeV.
With the parameters fixed, we can predict the hyperfine splitting in the charmonium ground state using eqn. (11). The function f ( R) is rotationally noninvariant, but at c = 0.6 the violation of rotational symmetry is negligible. We predict that the splitting between the ground state vector and singlet in charmonium is 0.13 GeV in reasonable agreement with experiment (0.118 ± 0.002 GeV).
Next, we evaluate corrections due to the rotationally noninvariant part of the confining potential. There are first-order corrections to the P state, and the S state is corrected in second-order bound state perturbation theory. Figure 1 shows the dimensionless energy levels once these corrections are included. Corrections to the ground state are consistently a few percent even for c as small as 0.1. Corrections to the excited states at c = 0.6 and c = 1.0 are about 30%. This is a reasonable starting point because corrections up one power of α are of this order.
In conclusion, the logarithmic confining potential which arises at second order is a promising starting point for QCD calculations. Corrections to the energy levels due to rotational symmetry violating terms in this potential are negligible for the ground state, and for the lowest excited states they are small enough so that corrections from higher order terms will hopefully be small also.
We want to mention a recent related work by Wei-Min Zhang, hep-ph/9510428, which differs in several important aspects from ours. 
